Technische Universitat Munchen m

On the Complexity of the
Reachability Problem in Dynamic
Geometry

Thorsten Orendt




Technische Universitat Munchen m

The Reachability Problem (Reach)

Can you walk continuously from one instance to another specific one?

E—— — — =W —— — -

starting instance terminal instance

24.July 2010 Thorsten Orendt 2



Technische Universitat Munchen m

The Reachability Problem (Reach)

Can you walk continuously from one instance to another specific one?

— — = — B - N —— — I ——— — B

starting instance terminal instance

24.July 2010 Thorsten Orendt 2



Technische Universitat Munchen m

What do we know so far?

24.July 2010 Thorsten Orendt 3



Technische Universitat Munchen m

What do we know so far?

® complexity depends on ...
... power of allowed geometric operations

... restriction on movements of free elements

24.July 2010 Thorsten Orendt 3



Technische Universitat Munchen m

What do we know so far?

® complexity depends on ...
... power of allowed geometric operations

... restriction on movements of free elements

® if operations algebraically equivalent to solving
quadratic polynomials, then Reach is ...

... decidable over C (Denner-Broser; ADG’04)
... NP-hard over R (Richter-Gebert, Kortenkamp; 2000)

24.July 2010 Thorsten Orendt 3



Technische Universitat Munchen m

What do we know so far?

® complexity depends on ...
... power of allowed geometric operations

... restriction on movements of free elements

® if operations algebraically equivalent to solving
quadratic polynomials, then Reach is ...

... decidable over C (Denner-Broser; ADG’04)
... NP-hard over R (Richter-Gebert, Kortenkamp; 2000)

® no lower bounds over C
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We focus on a restriction of Reach

® considered operations
- constant point
- join two points, meet two lines
- intersection line and conic

- intersection line and cubic curve

® only movements of free elements with bounded
length

show this restriction is NP-hard
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From geometry to algebra

geometric objects

complex numbers C

geometric operations

operations on C

construction sequence

geometric SLPs (GSPs)

geometric instances
of a construction

instances of a GSP

Reach in dynamic
geometry

SRR

Reach for GSPs
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Considered operations
(berformed at unit costs)

free ®
constants const, = {2}
{(zl,zg,w) cC? | 2 ZQZUJ}
arithmetic - {(Zlv 29, w) €C? | 21 — 25 = w}
operations * {(2’1, Yo, W) E C3 | 21 - 29 = w}
/ {(Zl,Zg,w)ECS 21:ZQ°UJ/\ZQ#O}
v/ {(z,w) €C* | z=w? Az #0}
roots . =
N {(z,w)eC? | z=w’ Az #£0}
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GSPs and their instances

A is a sequence Wi_p,...,Wo, W1, ... ,Wq

N—— — —  —
free dependent

of operations with specified input assignments

An of a GSP is an assignment of complex
numbers "

= (Zl_p,...,Zp) =l
so that the relations of dependent operations wq, ..., w,

are satisfied
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Reach - algebraic version
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Reach - algebraic version

GSP and two instance Z, W

Are there continous mappings
H1—ps- -5 HO - 071 — C
Cly...,Cq:(0,1] = C

(:ul—p(t)v e CQ(t))
forms an instance for all t € [0, 1] and

(11-p(0), .-, ¢q(0)) = Z A (p1-p(1), .., cq(1)) =W

so that
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A variant of 3SAT

bi,...,bn,
{bi,...,by,b1,..., by}
Cj — lj,r \Y, lj,s \Y, lj,t (lj,k = {bk,ﬁbk})
C=C/N...NCy,
Y = (b1,...,b,) € {true, false}"
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A variant of 3SAT

bi,...,bn,
{bi,...,by,b1,..., by}
Cj — lj,r \Y, lj,s \Y, lj,t (lj,k = {bk,ﬁbk})
C=C/N...NCy,
Y = (b1,...,b,) € {true, false}"

Is there a truth assigment that makes

. . ),
exactly one literal true in each clause? NP-complete

24.July 2010 Thorsten Orendt |0



Technische Universitat Munchen m

Qutline reduction

|. From 3SAT formulas to functions

2. From truth assighnments to analytic continuations
3. Counting multiplicities

4. Using the bounded length

5. Assembling the parts
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ljyk literal ——— S L4 k function

Transfer

truth
X assigerlment = v closed path
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Basic idea

Transfer

so that

X makes [;

ljyk literal ——— S L4 k function
truth N
X assignment v closed path
Y ==
true <~ 553,1@(0) =0
false — z;,.(0)=1

24.July 2010
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|. Formulas = Functions

V — %

lix =br — xir(z)= Vk—Vk+z

, , N

Vk+VEk+ 2
2Vk
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|. Formulas = Functions

V — %

vk —VEk+ 2z
lje=br — xjk(2) = ok principal
Vi 4+ VET 2 branch
2k

Ci=lir Vs Viy — Xj2)= ] )

C=CiN...NCp, — X(2)=(X1(2),...,Xm(2))

24.July 2010 Thorsten Orendt |3



Technische Universitat Munchen m

2. Truth assign. = analy. continuations
X = (b1,...,b,) € {true, false}"

encode X by the winding
numbers of a closed path~y
starting at z = 0

27, br. = true
n(y, —k) € { 2.+ 1, bp = false
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Interplay x;; and 7y

lj’k — bk bk = true
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Interplay x;; and 7y

lj,k = bk bk = false
k— vk
ij,k(z): \/7 \/ T2 ”7, k c 27+ 1

L
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What have we achieved so far?

There is v so that
X2A(0)=(0,...,00C™

|
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What have we achieved so far?

There is v so that
X2A(0)=(0,...,00C™

|

(' satisfiable

Why we are not done!

specifying a __ knowing a satisfying
terminal instance truth assignment
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3. Counting multiplicities

How many literals are true in a clause!?

How many factors vanish in X /(0) ?

use the three branches of i’/Xj(z) as counters
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3. Counting multiplicities

*set Y;(z \/X (prinicipal branch)

* denote branches of cubic root by 0, 1,2

(7, 0)

— Y; lies on branch - M (mod 3)
nested number of vanishing
roots factors in X 7(O)
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3. Counting multiplicities
How to use it?

claim in starting instance
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Y; lies on branch |
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3. Counting multiplicities
How to use it?

claim in starting instance

Y, lies on branch 0

claim in terminal instance

MUSE n(7,0) .M (mod 3) =1

control it )
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4. Using bounded length

o V| <2(n+3)+¢e, whereD < e <1

® 7 circlearound —n — 2 and 1

®
@ O
@
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5.Assembling the parts

(r—— 0 1
~ M 000 00C @ ®
exact 3SAT Yy, Y,
has answer — lie on branch |
YES
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5.Assembling the parts

—n — 2 0 1
@ @ e e ® ®
. adjusting multiplicities in X,
2. switching Y (2 \/X to branch |

3. reverse point I
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Thank you for the
attention!




