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Mass Point Geometry Preliminaries

m —>.P xM e >0 XN
mass point vector x MN
mP(m #0,meR) xM — xN(x € R)
- Crucial idea: PR : RQ =m:n
m+nR = n PR =m RQ
i < . _
. nP mQ ~— = nP-nR=mR-mQ
- nP +mQ = (n+ mR (m+tn#0) =>nP+mQ=m+mR
. where .
: (i) Rison E and let u= o
(i) PR - RO —m:n = R=(1-0)P+uQ



Basic Propositions in Mass Point Geometry

Proposition B.1Let m+n=0, then (m+n)_ =nd+mB < C<l, and AC:CB=m:n.
Proposition B2 O = AB(\PQO < Thereexists x, y,m,n< R satisfying
x+yv=m+n=t=0 suchthat x4+ yB=1t0= mP+nQ.

Proposition B3 xAB=yPQO (x,y=0,AB /| PQO)< xA—xB=yP—10 .
Proposition B4 Any point P on plane ABC  could be expressed as the linear combination

of A,B.C uniquely, thatis P=ad+bB+(1—a —-b)C .

Proposition B.5 Let P,Q and R be points on plane ABC, and P=ad+bB+(1—-a—b)C,

a b l-a-5b
O=xA4A+yB+(l—-x—»)C, R=sA+tB+(1—s—t)C, then ZPQR P

45 s t l1—-s—t

Proposition B6 P,O and R are collinearif and only if SPQR =0.



A Simple Example: Theorem of Centroid

A D is the midpoint of BC;
E'is the midpoint of AC, .
F is the midpoint of AB; > | 4G _BG _CG

C,G and F are collinear,

G=ADNBE; GD GE GF -
\ = ? A+2D=3G /
B D C 2F=A4+p |—> B+2E=3G
GADNBE C+2F =3G
Mass Point Method:
: 2D = B +C‘ eliminate , further — i
§2E=A+C = > A+2D =B +2E( AP ;.):3(Jri

eliminate >3I(7=2F +(C

A.B

BG:A+B+C
2F=A+B



Example 2: Gauss-line Theorem

A P=ABNCD; Q=ACNBD; A,B,C

M is the midpoint of AD; — D=aA+bB+(1-a-b)C

N is the nudpoint of BC, P=ABNCD,; Q=ACNBD;
is the midpoint of POy 2M=A+D; 2N=B+C;

B o 2L=P+Q
» Lo = |MNandLarecollinear |
D=aA+bB+(1—a—b)C
::){D—(l—a—b)C=m+bB( =) =(a+b)P
D-bB = ad+(1-a-b)C(—L555)=1-b)0
ala+1) A b B+1_a_bC“‘

(a+b)(1—b)‘+a+b 1-b
M = A+ D—E o0 = (a+1)A+bB+(1—a—b)C |
2N=B+C

—>2(a+b)(1-b)L-2aM =2b(1-a—b)N OF S, =0

L

oL = P+Q—57 3o —
—




Mass Point Method

1. Formulate the geometry theorem in a constructive way and
state the conclusion(s) of the theorem as a(an) (in)definite
mass-point expression (expressions).

2. Interpret the constructions into mass-point expressions, try
fo eliminate the points from the existing mass-point relations
according to the constructing requirements, and keep gaining
new mass-point relations until the end construction.

3. Check whether the conclusions are included in the existing
mass-point expressions, or continue fto derive from the existing
mass-point expressions and get the required results.



Description of the Mass Point Method

1. The Constructions of the Hilbert Intersection Point
Statements (CH)

- Point(X'):  Take an arbitrary point X on a plane.

! Points(A,B,C) : Point(A)+ Point(B) + Point(C),

5 Aratio( X', 4,B.C.a,b): X =ad+bB+(1-a-b)C;
Lratio(X,A.B,r): AX=rAB(X =(1-r)A+B )

Miatiol X, A,B,r): AX =rXB ((1+1)X = A+rB);

A

! Midpointl(X,4,B) 2X = A+B,
 PratioX.U. AB.r): UX =r4B (X =U +r(B-4))

@ Parallel(X,U,A,B):UX =AB (X =U+B-A);
Inter(X. UV, A.B): X =UV(4B

Pinter(X, A, BV, U1y Pardllel(Y ,W,U, 1)+ Inter(X, V.Y, A B)

. PPinter(X,C, 4, B,1V,U,T'):
' Parallel(Y W, U, 1"+ Parallel( Z,C, A, B)+ Inter(X, W .,1,C,Z)

L et ¢ £ £ €5 £ £ £ £ ¢ ¢ ¢ e s e -



Description of the Mass Point Method

2. The Form of Conclusion in CH: problem-solving objevtives

gﬁ?{ﬂﬂ”&’f (X.1.A.B) Check whether XY is parallel to AB;
ifmidpoint(C, A, B)  Check whether C is the midpoint of AB;
ifcolinear( A, B.C") Check whether A, B and C are collinear;
ifequal(X'.1) Check whether X coincides with Y,

rat. f()[j A, Buytf] Find the ratio of two parallel segments AB and XY,

areai (!f!()[ AB CX. Y. Z] Find the ratio of two signed area of oriented i
' tr:angies ABC and XYZ



Algorithm MPM Mass-Point-Method)

A constructive statement (S) in class CH.:

constructions (C,.C,.--

s=(c,.c.

MMC

.C,.G=(E].E.. ))

TR E R R R TR

construction function set
objectives function set

controller



Implementation of Algorithm MPM

We needs three global variables to implement MPM :

pnts records the number of points

nmumber of points

varlist records all the points introduced

point list : an ordered set where the location of each point is fixed.

coordlist | records all the corresponding vectors of points

vector list: an ordered set whose element is corresponding with point in varlist.



Running examplel: Des argues' Theorem

Points(4, B, C);
Aratio(S, A B, C, a, b);
Mratio(Al, S, A x).
Mratio(Bl1, S, B, y):
Mratio(Cl, S, C, z):
Inter(P, B, C, Bl, Cl1);
Inter(Q, A C, Al, C1):
Inter(R, A, B, Al, Bl);
Inter(R1, A, B, P, @)
ifequal(R, R1):




Machine Proof for Desargues' Theorem

A B C
S=aA+bB+(1—a—b)C
(1+x) A1=5S+x A
(1+y) B1I=S+ y B
(1+2z) C1=S+zC
P=(BC) N (B1 CI1)

B_zf:=(1+_v] Bl (1+2z CI
¥ ¥ y
P= yB zC
y—z y—2z
Q=(4 C) N (41 CI1)
A_ELT:[:l-I—I) Al  (1+2z) CI
‘ X X X
0= xAd  zC
X—z X—2Z

R=(4 B) N (AI BI1)

A__vB:(1+x] Al (1+y) Bl
X X X
P= xA yB
A x_}r x_},
R1=(AB) N (PQ)

— p —
A__vﬁz_(_v z) | _l_[x z) Q
X X X
p1= XA yB
X—y X—Y

R=R1



Running example2: Pap pllS' Theorem

Points(4, B, Al);
Aratio(Bl1, A, B, Al, a, b);
Mratio(C, 4, B x);
Mratio(Cl, Al, Bl, y);
Inter(F, Al, B A, BI);
Inter(Q Al, C 4, CI);
Inter(R, B Cl, Bl1, C);
Inter(R1, B, C1, P, Q);
ifequal(R, R1);




Machine Proof for Pappus' Theorem

A, B Al
Bl=2a A+ bB+(1l—a—b) Al
(L+x) C=A+x B
(1+y) Ci1=41+ y Bi
P=(4 B1) N (A1 B)
bB ad Bl

Al — = —
-l14a4+b -14a+b -14+a+b
P=_ b B _|_|{—].—|—a+b]ﬁ.l
-1+ 1 -1+ 2
Q=(ACI) N (A1 Q)
Al — yhi(l+x)C - (a x—B) vy A B (14 y) C1
¥x(-l—-y+ya+yb x(-l—y+ya+yh) -l1-y+yva+yh
_ vbA B vbxB +x|{—1—y—|—ya+_‘rbjﬁ.1
Yyax—xy—x—¥b YFax—xXxy—x—yb Yyax—xy—x—yb
R=(BC1) n (B1 O)
B_|_|[—l—_v+a+ya+b+yb] Clz[—l—}'+}'a+}'bj El_l_[l—l—x] alC
ax—>b ax—>b ax—>b
_ v(-14+a+b) ad (—yb+bya+_vf:ﬁg+ax—b]B_l[—1+a—|-b] (-l—v+ywva+yvh) Al
 ax—l—-y+a+ya+yhb ax—1—yt+tat+tya+yhb ax—1l—-y+a+ya+yhb

Ri=(BcC1) n (FQ

(-l—y+a+ya+b+yb) Cl (l—f.|+y'—2j|.ra+a12 y—_vb+b_va]F_{—1+a—|—bj alyax—xy—x—yb)Q

B+ =
ax—b b b (a x— b)
Rl = y(-1+4a+b) ad +[—}rb—|-b}ra—|-jrb2+ax—b]5_(—1—|—a+b] (-l1—y+ya+yb) Al
) ax—1l—yv+a+va+yhb ax—1l—vyv+a+va+yh ax—1—yv+a+vat+yvhb

R=R1



Statistics

Statistics for the proving time of 110 theorems 1n CH

Proving time (s) Number of Percentage share of the
theorems total (%o)
<0.1 88 80.0
<0.2 101 91.8
<0.5 109 99.1
<1.1 110 100




Readability

The readability of the machine proofs produced by
MPM-Prover is satisfactory:

Clear and concise;

Simple and easy to understand,
With clear geometric meaning;
Rich information included.



Complex Coefficient Mass Point Geometry

1. The basic idea of complex coeffcient mass point

2. Description of the linear constructive geometry statements
3. Algrithm CMPM

4. Implimentation of algorithm CMPM

5. Running examples



Basic Idea of Complex Coefficient Mass Point

Real coefficient Complex coefficient
mass point geometry mass point geometry
C
u__¢ - Ut+vi
A B
'—| 1-u . @I
A D B
C-A=u (B-A) C-A=(u+vy) (B-A)

= C=(I1-u)A+uB = C= (1I-u-vi) A+(u+vi)B
D=(1-u) A+uB,C-D=vi(B-A)

AB _AC _CB AB _AC _ CB

1 u 1-u 1  utvi  I1-u-vi




Basic Properties of the Complex Coefficient
Mass Point Geometry

(= (l—u —vi)n[+(u +1/*f‘)B(zf+_1f* = R)

When v>0, A-B-C is counterclockwise.
When v<0, A-B-C is clockwise.

(E'I)C‘X 1l AB= X = ('1 —H)A +ubB
(2)1: >0=> LCAB <90";
u=0=LCAB =90";
u<0= LCAB > 90",

ﬂl Any point P on plane ABC can be written
as the linear combination of A,B uniquely.




P—-Q=(x+yi)(B—-A4)
P
s o2 L
y 5 — (1) If y=0, x#0, then PQ //AB;
N 5 (2) If y#0, x=0, then PO _| AB;
(3) If |x-+vi|=t, then |PO|— t |AB| .
x=0\]  when =1 |PO|= 4B

pll P=(1-m—ni) A+(m+ni) B
ol O=(1-a—bi)A+(a+bi)B
(1) PX : OF = n:b;

= (2) If ntb, O = PONAB, then
(n-b)O = nQ - bP.




a H 1
A X B O "V R

(_-T:(l—(}'—bf):l-l-( {I+Z‘!f)B P = (_l_+T_+T?+)Q—|—( N ++1?+)R
(DIf a=x=0, then =~ CAB= ~PQOR = 90°;

a X
2y sty 2l el | = S

when % = | %, then .~ CAB= ~POR;
b
when % = - | ;|, then .~ CAB+ ~POR= 180°

(3)If a=x+0,b=+y #0, then /ACAB <> /\POR.



Linear Constructive Geometry Statements(CL)

The linear constructive geometry statements ( CL) requests that
the point introduced by each construction must be single.

A X

Cinter(X.0,A,P)  CCinter(X, P,0,,0,)



Constructions in CL

Basic Constructions of CL ~ Combined Construction:

Point(X) Inter(X,U.I".A.B)

Points(A,B) Pinter( X, A, B,W ,U.,I")
Pointl(X.,A4,B.,a,b) PPinter(X,C,A4,B,W .U 1)
Lratio( X, 4. B.r) Tinter(X,A, B,W.,U.V)
Mratio(X.A.B.r) Foorl(X.C,A, B)
Midpointl(X.,A.B) Binter(X,A,B.U.,I)
Svmmetry(X.4A.B) BBinter(X,A,B.U.1")

Pratio XU, A.B.r) PTr’m‘er(I,C’,fLB,H-"1U,I");

Parallel(X . U.4.B) Cinter(X . 0.A4.P)
Tratiol X.A.B.r) (__T(__Tf}?t(;;-*(_l:Pﬁ ()1 . (): )
Bratio(X ., 4,B.,r)
Pointoncircle( X, 0. A.cosr.sinr)
Similartrianglepoint( X, P.0, 4. B.C)
Similartrianglepointl(X ., P,0.A4,B,C)

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

( entroid(X, iB )

(r;rc,?m?c,enrefﬂ A B.C)

| Orthocenter(X, 4, B,C)

; Incenter(X,1,B5,C)

s Symmetricpoint(X, P, A B)

| ('Y);rqj?rgafepomr( X.AB.C.P)
Ponfzfonc,r;fc,/el( \,A B, C.P)
ASApoint(X, A B, a. [5)

R T R R R e



Check \ Evaluation Functions in CL

F‘(BZ(ZﬁOFﬁ(P , Q R) Find a,b such that P=(1-a-bi)Q+(a+bi)R;
relationd(P,O.M,N) Find x,y such that P-Q=(x+yi)(M-N);
equalprocuct(P,O.M, N, U,I",8,T) Check whether |PO|*|MN| = |UV|*ST] ;
equalangle(P.O.R. A B.C) Check whether ~POR= _~CAB;

COCI'}"*C](?( P. Q R. S) Check whether P,Q,R,S are concyclic;
similartriangle(P,O.R. A, B.C) Check whether /APQR <> /ACAB;

cctangent (01: P, Op Q) Check whether two circles are tangent or not;

onradhcal (j{:q P, Oz -Q) Check whether X lies on the axis of the two circles;
inver'sion( P Q ) @, ) fD Check whether P is the inversion of O wrt the circle (J( O, A );
area3( P, Q R) Find the signed area of oriented triangle POR,

01601(}."70(]3 Q.R.:LBC) Find the ratio of two signed area of oriented triangles ABC an



Algorithm CMPM (Complex-Mass-Point-Method)

Algorithm CMPM is similar to algorithm MPM.

""CCF construction function set

CMPM S | CAF objectives function set

- CMMC controller

A constructive statement (S) in class CL.:
constructions (C,.C,.---C, ) + objectives (Efkﬁ El,-- )

§=(C. 0O G = (L)



Running example 3: Feuerbach's Theorem

Points(4, B);

Pointl(Il, A, B, 3, b);
Incenter(C A, B I1);
Nidpointl(Al, B, C);
Nidpointl(Bl1, 4, C);
Nidpoint1(C1, A, B);
Circumcenter(N, A1, Bl1, CI);
Footl(D, I1, A, B);
CCtangent(N, Al, I1, D);




Machine Proof for Feuerbach's Theorem

4B
IM=(1—-a"-I1b")A+(a +1 BB

a“(a®+21b"a"—22a"-21b"+1-b) 4 (a®-2a2—a"pP+bt—21b"a"+212%b") B

. ~a"+a” +b"™ N ~a"+al+p"
2 AI=B+C
2BI=4+C
2CI=4+8
1 (4”2 -61a® b 461 b a I b4 T b 62" b +4a" b 2100410 410"+ 207 +1007a") 4
8 b (-2"+ 2% +b"?)

1 (-4p"2%-612" 0" +610™%a"-102+10™ 420" 0" +4a"p°-21a"+12“+12"-65"+20"2") B
8 b (-a"+ 2% +1?)
(I1D) L (B4)
I1=(1-a —-Ib")A+(a +1b") B

D=(1—-a)A4+a B
Y +2b a2 42120 b 212 It I b - 2120 41241 2%) (B-2)
8 b”(—aN-F a@+bﬂg)

I1-D=Ib" (B-4)

1 (ep”a®+122" b0 -6 +22" b -6b 20 +212% b -2 b0 2" -1 b 04010 212 +12%+12"%) (B-4)

8 h” (—5N+ aﬁE+bN2)

“They are tangent!”



Running example 4:

Morley's Theorem

Points(4, B);
Pointl(L, A, B, a
Symmetricpoint(
Symmetricpoint(
Symmetricpoint(
Symmetricpoint(
Inter(C, 4, Y, B

Bratm[T L, B

Inter(Q 4, L, B T];
Similartrianglepointl(Ql, C 4, Q L, T);
Similartrianglepoint(Q2, C, B, Q L, T);
Inter(M, 4, X, C, QI);

Inter(N, B, Z, G, 02),;

relation4jj(M, N, L, N);



4 B
[=(1—a —Ib )4+ (a"+1b7) B

o (b2 —a"+s24107)4 (-a"+IB)L )
B JE-R PRI =2 ((-61Fa®+3a"-6a®+81y3 a® 24310 E 4622562432431 43 a%-6a"b7-61a"J3 b7-bp2-13 b2
-~ -2 ~2 ~ "~ = 4 = .2 -4 B o [ 2 ~2 2 = B - R I - a1 =
P (a"—a?—b +Ib)A+(a +Ib7) L +357 43103 a?) L)/ (-3a"+6a%+20"YF a%—62a2 b2 -3a2+6a" b -2b"B 2" =02 +2b0 V3 —38) -2 ((VF a
h 2?4+ a2 4p™ = 3 = 2 2 = .2 e oy R 4= = 2 -3 ~d 2 g2 _»a -2
B I I - R T A - B g e R L -SRI - U O S - B T S S R I A Bl A - I SR O g
L=(-a +Ib +1)A+(a —Ib )X +6Ib2 2" —3Tb—31a) yF 1)/(-32a+6a%+2b"yF aP—6a% bP—3a2+6a"b2—2b"J3 a"—bT+25%5 JT—3b™)
V=(1—a —Ib)A+(a"+Ib) X — . — e — — . Y .
(1-a ) (a ) Q2=—% (6143 a®43a™—6a+6IJ3 a2 b2 +3Ib 0y +8a2p2+327+31J3 a™—6a"p%—-612"V3 p2-0%-1J3 b7
go (@7=a"—p" 4100 B, (ca"41b"+1) L ey _ ‘ _ _ _ L
T o224 "'l_qam_'_aﬂg_'_bng 4307 431yT a2 /(32 +620 420"V a2—6a2 b T -3 462 b 20" Y3 2 =b2+2b0 YT —3p™) -2 ((yF 2
(b2 &+ 22410 B (<1+a+1 b7 L R R R I I e N A T N - T RS - Y - RSN R A A I SR SRR SR
z= 22222402  1-22"31a%157 +6Ib? "~ 3Tb™—31a%) JEB)/ (-3 46242 YT aP—6aZb?-3aC16a" b2 —2b"J3 a"—bT+255 JT—3b™)

L={a " —I1b")B+(-a"+1b"+1) 2
F=(a"+1b")B+(1—a —1b") Z H=(4¥) N (CQ1)
(VT a"—p") (52 bAQ—GaNb”Q-IFSb“:+3a'Q—Ga'a-ﬁ—Sa“:—bvz)((G‘/?aA& P03 2 bR s /T aTe 43T a0 /T T
B T By i T i I T U i S A I R S - ) e
gyl i-za™4a®y 72(*3&'{+Ga”§+2_b~u'?a”276a”z b’ﬂ—aa’ﬁ+ea”bl’ﬂ—zb”\/?a”—b“%zb“ﬁ J3-38) 5"
4 52 (a7 (W a =) (62 p?—ga"pl+3b™+3:2-6243:"-1p"7)

C=(AY) M (BW)

1 (82?6 a" P43 432" 62" 432" b7
4 p? (22 —2:"+57)

o (8a®45a 1435747 534" 4510 b " 61a" b 45167 107) (347 —5") 4 H=-((3VF a9 yF a® 461 VT a @0 213 & T2y 2T P e T P os e o121 T e T e e s 2" E b
- 6a2bp? g2 p2rabt+3a% 6Pzt b2 46T YT 2" b =33 a"—3b"+y3 b 230+ b™ ) A)/(3yF e —6JF aP+3b"aP+3JF a"+3a" Y3 bT—6a"b"+3 b
- — — 1 _ _ (182 b9 b g a5 a5 +3b.,7é‘/?b~2)+(Sa""—ea'ﬁielb”a”j_—ula’? b -4a® b 432" 01 amb“§+GIb"a"'-%—eambdz—Sidz-%—bM’) J3 B
Ba b “—6a b +3bp +3a 62 +3a —b 33 2% —6y3 a%+3b" 2" +3J3 a"+32a"y3 b P—62"b"+3b+3b"—4 /3 b7

491225 —618®% 2P +3a " +812" %3102 +11") B)

r:[l—%IJ?]L+[é—IJ?+%]B

0={4L) N (BT)
(-3 2" +J3 a®—p"+J3 %0 _ 25”T

N¥=(B Z) N (CQ2)

(3433 2®—90J3 a™+9y3 2 +p™ 3 +y3 b2 —3b" 2 —3p 6@ a2 —a3p”a™+2" /3 p%+3J3 2"p“—3)3 27
+6y3 2% b2 303 a?+6b"a% 462" 8) W)/((V3 a"+b"=y3) (622 b 2—6a"bT+3b%+32a%—6a%+32"-12))=C
L2 (-3a™+6a"4+2p" 3 2@ -6 b2 —327462"p2—28" 3 a"—b2+287 /3 -35™) b7 02

(V3 2"+ =y3) (622 p2—ea"b2+3bp™ 432262432 -p"7)

C(a® 421" a"—2a 210" +1-07) J3 (322 -1p") 4

33 2P —3p"a% -3 /3 2% +3:2" /3 b P -3 +/3 p®

1 = .4 = .8 = .8 o~ e _o@ e e

+— — — — ((3y3 a™=3y3 a3%+613 a® b —3b"2a2—43 a7 b

303 a¥—3p"2"%-3J3 2@ +3a"y3 pF—-3bpF+3 b*

613 a2 =213 2" 45a" 3 bR+ 3 -3 4213 bF) B)

1. = 1
L—N=[§IJ3 +§] () — N)

LW=NW




Proving Time

Proving Time of Examples

The name ot theorems Proving Time (s)
The Napoleon Triangle 0.436
A theorem on Orthocenter 0.187
Four theorems about Orthocenter 0.514
Feuerbach's Theorem 0.438
Morley's Triangle Theorem 1.778
Miquel’s Theorem 1.575
Pascal’s Theorem On a Circle 1.544
Theorem of Pratt-Wu 0.899
The General Butterfly Theorem for Circle 0.826

The Special Case of Five Circles Theorem 1.029




Statistics

Statistics for proving time of 240 theorems in class CL

Proving time Number of Percentage share
(s) theorems of the total (%o)
<0.1 49 204
<0.2 103 42.9
<0.3 144 60.0
<0.5 200 83.3
<1.0 227 94.6
<2.0 236 98.3

<20.0 240 100




Comparison: MPM and CMPM

MPM

designed only for

CMPM

CH

designed for

-

y Statements in CH

CL

> Statements in CL



Comparis ON:  elimating point methods

Mass-Point Method  MPM\CMPM

Dealing with geometric point directly,
Easy to be extended or combined,
A complete algorithm.

Other readable machine  the Area Method

proving methods the Vector Method
the Full-angle Method
the Geometric Algebra Method
the Advanced Invariants Method

Dealing with geometry problems using the geometric quantities,
Not so easy to be extended or combined;
Only the Area Method is a complete algorithm.



Conclusion

Develop a new readable machine proving method based
on geomelric points——~Mass-Point Method,

Establish two machine proving algorithms MPM\CMPM;

Algorithms and programs for MPM\ CMPM are much more
concise than that of the Area Method\ Vector Method.

The run results of hundreds of non-trivial statements show
that our method is not only efficient, most proofs' readability
are also satisfactory.



Thanks!

If you have any questions, please contact:
zouyu20082008(@126.com
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