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ABSTRACT

We are given an equilateral triangle with vertices
constrained to lie in each of the three positive octant
coordinate planes (colloquially, "a triangle in a corner
We wish to describe the locus of points covered by th
midpoint of the triangle, as the vertices range over.
configurations allowed by the above constraint. This
locus comprises a solid region. We use numerical anc
1gra hical methods, and also computational algebra, t
Ind the boundary surface and visualize this locus.
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The problem

We have an equilateral triangle. We position it so that each a floor ar
two walls, forming a corner, each have one vertex (we allow the

pathological case where a vertex might be on an axis, that is, an edc
where walls meet or where a wall meets the floor). We allow all motic
that respect these constraints. For purposes of exposition and comp!
we will take the corner to be the positive orthant in Cartesian space.

Question: How might we describe the locus of the triangle’s midpoint

This was posed in 2009 by Jack Wetzel and Richard Jerrard, emeriti
UIUC math Dept and, in particular, refugees from the Geometry Potf
seminar that Jack organized and ran for around 30 years.)
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Why do we care about this problem?

e |t is related to problems of historical interest e.g. "penny in a
corner”,

e |t is related to problems in constraint geometry e.g. motion
planning involving rigid bodies.

e [t uses what | consider to be several interesting methods of
computation.

< | 2



Some observations

"Obvious" features:

e The midpoint locus is connected. If we give three points to tl
vertices, this (of course) determines the midpoint location. V
can then reach any other allowed midpoint location by a
continuous legal motion of the three vertices.

e It lies in the positive octant.
Less obvious:
e The locus is a solid.

e It has an enclosing surface that is comprised of parts of alge
varieties.

e One will not find these varieties using only pencil and paper
(which | regard as the primary justification for having this tall
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Setting up the math

1. Denote our midpoint a8l = {Xm, Ym, Zm}-
2. Vertices will be{x;, yj, zj} for1 < j < 3.

3. Restrict vertices to coordinate planes by setting certain
vertex coordinates to zero.

4. Quadratic equations for edge lengths enforce that the tri:
be equilateral.

5. Linear equations relate midpoint coordinates to the verte
coordinates.
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Equations

mdpt = {Xm Ym Zm};

coords = {X, vy, 2};

pt coords = Map[Array [#, 3] & coords];
pts = Transpose [pt coords];

val s = Mapl ndexed [ (#1[#2[[1]1]] =0) &,

coords];
pol ys =
Flatten[{Mean[pts] - m dpt,
Map [#. # -1 &,

Flatten[Table[pts[[] 1] -pts[[k]],
{/, Length[pts] -1},
{k, ] +1, Length[pts]}], 1]1]1}]

12 +y[1]1%+ (z[1] -Z[2
12+ (Y[1] -y [3])%+z]
[

Note to self

You should take the time to open some of these cells, to show peopl
IS going on.

Note to audience
Remind speaker of "Note to self".
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What to do with the equations?
We have six polynomials.

Interested in midpoint variables as functions of vertex coordinates. R
latter as parameters.

We will eliminate three of them. Midpoint defined, implicitly, in terms
remaining three.

This explains why the locus is a solid: we have three degrees of free
in the parameters that remain.

elim ={z[1], x[2], Y[31};
par ans =
Conpl enment [Del et eCases[Fl atten[pts], 0],
elins];
gbrat = G oebner Basi s[pol ys, m dpt,
elims, CoefficientDomain-
Rat i onal Functi ons ,
Monom al Order -» El i m nati onOr der ]

{1-182z7-6xmx[3] +2x[3]%+
6ymy[11—4y[1]2+18zmz[2]—42[2]2,
1-18y2+6XmX[3] -4x%x[3]%+18ymy[1l] -
4y[112-62nz[2] +22[2]?
1-18x2+18 XX [3] 4x[3
2y[11°+62Zmz[2 2]

6ymy [1] +

5
)
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How to visualize this locus

Idea: Take a lot of random vertex coordinates. Solve the system of
equations. Discard all solutions that give coordinates either complex
out of range. The rest give a "point cloud" indicating the locus region

Remark: During work on this project | messed up this part. Twice. It
seems easy now, but it may have been the trickiest aspect to this wc

vertices = RandonReal [{0, 1}, {10000, 3}7;
substs = Map[Thread[parans » #] & vertices];
vars = Conpl enent [Vari abl es[pol ys], parans];

Fnd all possible solutions.

Timng[
sol ns =
Fl att en[Map [NSol ve [pol ys /. #, vars] &,
substs], 17;1]

{372. 271, Nul I}

Select those that meet configuration constraints.

nmdpt sol s = Pi ck[m dpt /. sol ns,
Appl'y [And,

Map [ (Head [#]
vars /. sol ns,

Real &&# > 0) &,
{2}1, {1}11;
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Visualize this locus...

Use symmetries of problem to get six times as many solutions (our
vertices may be permuted by any elemert;of

| >
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Visualize this locus...

We can get a better picture by creating a region function. A point is
deemed to be inside if it is sufficiently near to one of the points we
computed. This gives a reasonable approximation to the correct regi
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nf = Near est [symudpt sol s];
| NRegi on[pt : { Real, Real, Real},
eps_Real ]: =
TrueQ[Nor m[nf [pt, 11[[1]] -pt] <eps]

reg = Regi onPl ot 3D[i nRegi on[{x, vy, z}, .02],
{x, 0, .6}, {y, 0, .6}, {z, O, .6},
Mesh - Fal se]

0.0

(Could improve picture by finding more points at the edges before
creating the region function.)
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Solving algebraically

We will now see if we can deduce the boundary surface to this regiol
first observe that at least some of it should arise as an extremal set.
is, for fixedx,, andyy, values of the midpoint, the surface is hit by
extremalz,, values.

Regard our midpoint coordinates explicitly as functions of the
(noneliminated) vertex parameters.

varsub = Map [# » #[Sequence ee par ans] &,
m dpt ];
fullrats =gbrat /. varsub;
reversesub = Map[Rever se, varsub];
rat derivs =
Flatten[Map [D[ful I rats, #] & parans]];
derivvars = Cases[Vari abl es[ratderivs],
Derivative[ _J1[0.1[__11;
derivs =
First [Sol ve[(ratderivs /. reversesub) =0,
derivvars]];

Quick view of what some of this has done:
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ratderivs[[1]]
derivs[[1]]

4x[3] -6Xm[X[3], Y[1], z[2]] -

6X[3] (Xm %9 [x[3], y[1], z[2]] +
6y[1l] (Ym OO [x[3], y[1], z[2]] +
182 [2] (zm %9 [x[3], y[1], 2[2]] -
36 Zm[X [3], YI[1], z[2]]

(Xm) (@O [x[3], y[1], 2[2]] >
(-9 YmZm+32zRY[1] +12YymzZmz [2] -
5Zmy[1]z[2] -4ymz[2]%+2y[1] Z[2]%)/
(3 (=18 XmYmZm+9YmZmXx[3] +9 xmzmy

[1]
SZmX[3]Y[1] +9XmYmZ[2] - SYmX[B
2] -5 XmY[1]z[2]) +3x[3]Yy[l] z]

1 Z]
21))

< | »
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Solving algebraically...

Now extremizez,, as an implicit function of the other tv{mﬂ, ym}. We

will set up as a Lagrange multiplier problem. We have a vector equal
relating gradients of the above midpoint functions, using two multiplie

Dimensional check: 2 new variables — 3 new equations removes one
degree of freedom, so we go from region to surface.

grad[v_]:=
Map [D[v /. varsub, #] & parans] /. derivs
auxpol ys =
Flatten]
Toget her [grad[z,] - Ay xgrad [Xm] -
Az xgradfym]11;

We now form, and show, the full set of polynomials. Except you canr
read it because the print is too small.
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ful |l polys =Joi n[gbrat, auxpol ys]

{1—182r2n—6xmx[3] +2x[3]2+6ymy[l] -4y[1]2+182zmz[2] -42[2]2,
1-18y2+6xmx[3] -4x[3]2 +18ymy[1] -4y [1]2-62zmz[2] +22([2]2,
1-18x3,+18 XmX[3] -4X[3]12-6ymy[1] +2y[1]2+62zmz[2] -42[2]2,
(79 xzmym727 XmYmZmaq 79x?nzmA2 + 6 XmYymX[3] +12ymzZmAq X[3] +12XmzZmAp X [3] -
ymx[S]2 —4zm/\2x[3]2 +6xr2ny[1] +15XmZmAq Y[1] -5xXmx[3]y[1] -
8zmAg X[3] Y [1] +x[312y[1] +15XmymAg Z[2] +3 X329 Z2[2] -7 ymXq X[3] Z[2] -
5XmAp X [3] 2[2] +2 A9 X [3]22[2] -9xXmAy Y [1] 2[2] +5 ¢ X[3] Y [1] 2[2])/

(3 (18XMYMZm-9YmZmX[3] -9 XmZmY [1] +5Zmx[3] Y [1] -9 XmYmzZ[2] +
Symx[3]z[2] +5xXmYy[1]2[2] -3x[3]y[1l]zZ[2]))

(9 mer2n+9yr2n2m/\1 - 27 XmYmZm22 *3Yr2nx[3J +15ymzZmAo X[3] -12XmymYy [1] -
6YymzZmAg YI[1] +12XmzZmAo Y[1] +SymXx[3] Y [1] -7zZmAp x[3] Yy [1] +Axmy 112+
ZmAg Y1112 -2x (3] y[112 -6y3 A1 2[2] + 15 XmYmA2 Z[2] -9 YmAo X [3] Z[2] +
5ymay Y (1] 2[2] -8xmia ¥ [1]2[2] +52X[3] y[1] 2[2] -y y (112 z (2] /

(3 (18XmYmZm-9YmZmX[3] -9 XmZmY [1] +5ZmX[3] Y [1] -9 Xmymz [2] +
S5ymx[3] z[2] +5XmYy[1] z[2] -3x[3]y[1l]z[2])),

27 xmymzm—gymzrzn)nl +9Xm2r2n12 -15YmzmXx[3] -6 zrznkz X[3] -15Xmzmy[1] +

3Zr2n/\1 Y11 +9Zmx[3] Y[1] -12XmYmzZ[2] +12YymZmA1 Z[2] -6 XmZmAp Z[2] +
8YymX[3]Z[2] +5ZmAy X[3] 2[2] +7XmY[1] Z[2] -5ZmAq Yy [1] Zz[2] -

5X[3]y(1]2[2] -4YmA 2[212 +XxmAp 2[2]12 - 25 X [3] 2[2]2 +2 A1 Y [1] 2[2]2)/

(3 (18XmMYmMZm-9YmZmX[3] -9XmZmY [1] +5ZmXx[3] Y [1] -9 XmYymz[2] +
S5ymx[3]z[2] +5xmYy[1]Z[2] -3 %x[3]y[1] 2[2]))}
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Solving algebraically...

Next step: find the polynomial that implicitly relates the midpoint
coordinates. This means we eliminate the vertex parameters and Lay
multipliers from the polynomials above. For this we use a Grobner b
with some settings especially adept at handling this type of problem.
Without which, we might still be awaiting our surface equation...

Timng[
implicit =
First [G oebnerBasi s[full polys, mdpt,
Join[{A, A2}, parans], Sort - True,
Met hod » {" G oebner Wl k",
"Earl yEl i m nate" - True}]]]

[6.739, 16 - 672 xp,+ 9432 xp, - 37 800 xp, -

155439 x8 + 680400 x19 + 3055968 x}2 +
3919104 x}* + 1679616 x1° - 672 y2 +

19728 x2y2 - 245592 xty2 + 1821852 x8y2 -
4412880 x8y2 - 25649136 x0y2

15396 480 x12y2 1+ 8398080 x*y2 1+ 9432 yi -
245592 x2 y* + 1540134 x}y*t -9082368 xS ya+
119322720 x8y? - 41150592 x10 y2 4

16 796 160 x12 y* - 37800 y®% + 1821852 x2y® -
9082368 x4y -112091040 x8y® -

19035648 x3y% + 18475776 x10 y& -

155439 y8 - 4412880 x2,y8+119322720 xtys -
19035648 x8y8 + 16796 160 x8 y8 + 680400 yi0 -
25649136 x2,y10 _ 41150592 x4 yi0 .
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18475776 x8yi0 + 3055968 yl2 -

15396 480 x2,yi2 + 16 796 160 xyi2 +
3919104 yl4+ 8398080 x2,yi* + 1679616 yib -
672 22+ 19728 x2,z2 - 245592 x#z2 +
1821852 x%2z2-4412880 x8 z2 -
25649136 x19 72 - 15396480 x1? z2 -
8398080 x* 72 + 19728 y2z2 + 169776 x2,y2 22 -
3434076 xty2z2+ 40680144 x8y2z2
33662304 x8y2 272320806656 xi0y2z2
62145792 x1? y2 72 245592 yt 72 _
3434076 x2y+z2 14370048 xtytz2 -

97 452 720 x%y*z2 - 414865152 x8 yt z2 -
156 204 288 x10 y# 72 + 1821852 y8 z2 +
40680144 x2y8z2 97452720 xty%z2 +
946 743552 x2y® 72 99097344 x8yb z2 _
4412880vy8 7233662304 x2y8z2-
414865152 xty8z2 99097344 x8y8z2 -
25649136 y.9 22+ 320806656 x2,yi0 z2 _
156 204 288 xyi0 z2 _ 15396 480 yi2 z2 -
62145792 x2,yl? z2 . 8398080 ylt z2 +
9432 z% - 245592 x2 74+ 1540134 x4 z% -
9082368 x%z%+119322720 x3 z7 -
41150592 x10 z4 + 16 796 160 x 12 z4 -
245592 y2 74 - 3434076 x2,y2z4 -
14370048 x}y2zt - 97452720 x8y2z4 -
414865152 x8y2 z4 _ 156 204 288 x0y2 z4
1540134 y4z2 - 14370048 x2ytzd +
450766 944 xtytz4 290573568 xS ytzi +
1264750848 x8ytzt-9082368y%z% -
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97 452720 x2,y% z4 - 290573568 xyl z# -
797817600 x8y8 z* + 119322720 y8 z4 -
414865152 x2,y8z4 1264750848 x*y8z4
41150592 yi0 z2 156 204 288 x2,y10 z4 .
16796 160 yi2 z4 - 37800 z% + 1821 852 x2,z% -
9082368 xz%-112091040 x5 z8 -
19035648 x82z8+ 18475776 x10 28 .
1821852 y27z°%+40680144 x2y2z8 -

97 452720 xfy2 2%+ 946 743552 x8y2 z8 -
99097 344 x8y2z°%_9082368 y4z° -

97 452720 x2,y4z% 290573568 xytz8 -
797817600 xSyt z8% 112091040 y8 z8 +

946 743552 x2y%z8 — 797817600 x1y& z8 -
19035648 y8z°%-99097 344 x2y8 2% +
18475776 yi0 z% - 155439 z8 - 4412880 x2,z8 +
119322720 x#z8 - 19035648 x8z8 +

16796 160 x8,z8 - 4412880 y2 z8 -

33662304 x2,y2z8 414865152 x}y2z8 -
99097 344 x%y2z8 119322720y} z8 -
414865152 x2,ytz8 1264750848 xtytz8 -
19035648 y° z8 - 99097 344 x2y® z8 .

16 796 160 y8 z8 + 680400 z1° - 25649136 x2,z10 -
41150592 x4 7210+ 18475776 x8 210 _
25649136 y2,z10 1+ 320806 656 x2,y2 z10 -

156 204 288 x1y2 7210 _ 41150592 yiz10 _

156 204 288 x2y* 710 . 18475776 y8 210 +
3055968 z12 - 15396 480 x2,z1? +

16 796 160 xz12 - 15396 480 y2 z12 -
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62145792 x2,y2,z}? + 16 796 160 y& z12 +
3919104 z}* + 8398080 xz,zLt +
8398080 yr,zy +1679616 270}

It is an algebraic surface total degree 16 and all exponents even, wit

. 10
coefficients as large d9 .

< | »
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Solving algebraically...

One question that | asked myself: is this too much surface? Does it f
nontrivially?

Easy to show it does not factor over the rationals.

Also has no absolute factorization (that is, a nontrivial factorization o
any algebraic extension of the rationals). This determination used
symbolic-numeric computation technology that are outside the realn
this talk.

Upshot is, we get no degree reduction on this surface. | show a way
obtain a contour plot. It required a bit of care to get something that lo

reasonable, runs relatively fast, and does not take a huge amount of
memory.

< | »
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Graphing the algebraic surface

So here, at last, is the Wetzel Pretzel.
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g=Compile[{{Xm _Real}, {ym _Real},
{z, Real }}, Evaluatel[inplicit]];
gl[x Real, y Real, z Real ]:=9I[X, VY, 2]
cpl = Contour Pl ot 3D[91[Xm Ym Zm] =0,
{Xm 0, .6}, {Ym O, .6}, {zm O, .06},
MaxRecur si on -» 0, Pl ot Poi nts - 40,
Mesh -» Fal se,
Cont our Styl e »
RGBCol or [0. 137255, 0.913725, 1]

Out[1]=

|
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What have we found?

Recall that our Lagrange multiplier computation did not in any explici
way enforce our inequality constraints. We found a variety, one that
happens to intersect real space. Is any of it correct once we add thos
constraints?

Geometric consideration #1: The far reaches of this surface are corre
They arise from vertex parameter values that are not near to the pos
octant borders (that is, not near the coordinate axis "edges").

Conclusion #1: We found some of the bounding surface.

Geometric consideration #2: The surface above does not stop for
inequality constraints.

Conclusion #2: We have more work to do.

< >
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More of the boundary surface

We now realize that the edge constraints for the vertex parameters a
what we missed. Specifically, when a vertex moves from the interior
octant face onto a coordinate axis, it can no longer continue in that
direction. We need to account for this in searching for the bounding
surface.

Mathematically: This part of parameter space is in the discriminant
variety (the part where inequality boundaries are hit).

Our equations are now straightforward. We simply impose conditions
at a time, that each previously unconstrained vertex parameter be ze
(this constraint means that the vertex will lie on a coordinate axis).

<« | »
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More boundary...

al | parans = Conpl enent [Vari abl es [pol ys],
m dpt ];
boundary =
Tabl e[
First [G oebnerBasi s|
Join[polys, {allparams[[] ]1]1}],
m dpt, al | parans,
Monom al Order - El i m nati onOrder 1],
{j], Length[al | parans]}]

{1-48 xf+ 864 xp- 6912 x+ 20736 xp - 24 v+
864 x2,y2,- 10368 xty2 + 41472 x8y2 +
144 y4 - 3456 x2yt + 20736 xpyr - 2472+
648 x2,z2,- 5184 x4 22 + 10368 x8 22 -
144 y2 72 + 864 x2,y2z2 + 10368 x4 y2z2 +
144 z% - 864 x2,z% + 1296 xtz%
1 -48 x2 + 864 xt-6912 x8+ 20736 x8 -
24 y2 + 648 x2y2 - 5184 xty2 + 10368 x2y2 +
144 y4 - 864 x2y* + 1296 xtydt - 24 z2 +
864 x2,z2 - 10368 xz2 + 41472 x5 z2 -
144 y2 72 + 864 x2y2z2 + 10368 x4 y2z2+
144 z% - 3456 x2,z% + 20736 x4 z4
1-24x2+144 x} - 48 y2 + 864 x2y2 -
3456 x}y2 + 864 yr - 10368 X2,y +
20736 xty* - 6912 y8 + 41472 x2,y8 +
20736 y8 - 2472 144 x2 22+ 648 y2 72 +
864 x2,y2,z2 -5184 y4 72 + 10368 x2,y* z2 +
10368 y8 z2 + 144 z4 - 864 y2, 24+ 1296 y&z0

26




1-24x2+ 144 x} - 48 y2 + 648 x2y2 -

864 xy2 + 864 yr - 5184 x2yt + 1296 Xty -
6912 y& + 10368 x2y8 + 20736 y& - 2472 -
144 x2,z2 + 864 y2 72 + 864 x2y2z2 -
10368yﬁ,ﬁrr10368xéyﬁ,2-+41472ym z2 +
144 z%4 - 3456 y2 z* + 20736 yiz4
1-24x2+ 144 x}-24y2 - 144 x2y2 4

144 y& - 482m+864xmzm 3456 x4 z2 +

648 y2z2 + 864 x2y2z2-864y}z %+864z
10368x%z$+20736xmzm 5184 y2z4 +
10368 x2y2z4+ 1296 yrz4 - 6912 28 +
41472x%z%+10368ym m+20736zm
1-24x2+ 144 x}-24y2 - 144x%ym+144y$—
482m+648xmzm 864 x4 z2 + 864 y2 72+
864 x2y2z2 3456 yiz2 + 864 27 -
5184x22ﬁ1+1296xmzm 10368 y2,z} +
10368 x2,y2z++ 20736 yHzt - 6912 28 +

10368 xpzm+ 41472 y5 25+ 20736 z5}
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More boundary...

cp2 = Cont our Pl ot 3D[Eval uat e [boundary == 0],
{Xm, 01 . 6}’ {ym, O’ . 6}1 {Zm, 01 . 6}5
MaxRecur si on -» 0, Pl ot Poi nts -» 30,

Mesh - None, Contour Styl e- Li ghter [Red],

Li ghting - "Neutral "]

0.2 0.4 L

.0

Out[2]=
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The solid between the surfaces

We want to visualize this bounding surface. First we show slices in t
dimensions. For this we will use both the algebraic surfaces we com|
and the crudely approximated geometric region. This fit is imperfect,
largely due to the approximate nature of that region plot.

t opsl i ces = Tabl e [boundary,
{Xm .015, .6, .07}];
t oppl ot s =
Map [Cont our Pl ot [# =0, {ymn O, .6},
{zmw 0, .6}, MaxRecursion-»1,
Pl ot Poi nt s -» 25,
Col or Functi on »
Function[{x, v, T}, Red],
Contour Styl e » {Thi ckness[.004]}] &,

topslices];

bottonslices =
Table[inplicit, {xn .015, .6, .07}];
bottonpl ots =
Map [Cont our Pl ot [#==0, {ym, O, .6},
{zwn O, .6}, MaxRecursion -1,
Pl ot Poi nts -» 25,
Col or Functi on »
Function[{x, vy, T}, Blue],
Contour Styl e »
{Thi ckness[. 004], Dashed}] &,

bott onsl i ces];
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m dslices = Tabl e[Xy {Xm .015, .6, .07}7];
m dpl ot s =
Map [Regi onPl ot [i nRegi on[{#, vy, 2z}, .015],
{y, 0, .6}, {z, 0, .6},
Col or Functi on -
Function[{x, v, 2z}, G een],
MaxRecur si on » 0, Pl ot Points -» 10] &,
m dslices];
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The solid...

Map [Show,
Transpose[{m dpl ots, topplots,

bottonpl ots}]]
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The solid in 3D

I n which we use opacity, squint our eyes, and more or less
visualize our region.

G aphi cs3D[{{Opacity[0.35], First [cpl]},
{Opacity[0.55], First [cp2]}}]
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So there we are

We have, in some sense, found our solid.
What mor e could we want?

e Faster, better graphics. The contour plots in 3D are expensi
compute accurately, and slow to zoom/rotate if done to high
precision.

e A way to remove self intersecting parts of the surfaces

e Better ways to visualize the solid between the surfaces. (|
suspect this can be done just fine with available graphics
technology. But not by me.)
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Summary

We developed some tools for computing and visualizing the triangle-
a—corner midpoint locus. These use a melange of methods from sy
numeric, computational geometry, and graphical computation. In my
job I am one of the toolsmiths. Though not for graphics, on which I c
illiteracy.

One can push this work in various directions. I'll mention a few.

e Tackle related math problems. It might be useful to underste
which ones are amenable to the methods we showed. This
turn might give insight into...

e ...Generalizing to problems of technological interest. Often t
show even worse behavior than the idealized math problem

e \Work on the "inverse problem": Given a starting configuratic
and a new allowed midpoint value, find a path in the parame
space that gets us to the new configuration. This amounts tc
setting up and solving a system of differential algebraic
equations. Probably simple when path connecting initial anc
final midpoint location is a line segment. Might get more
intricate when it is some other parametrized curve (the sort
issue encountered in motion planning in presence of obstac
or when direction changes need to be smooth).
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